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Abstract
The article presents the stationary solution of the Tang–Statz–DeMars system of equations describing the generation spectrum
of a YAG:Nd laser at a wavelength of 1064.2 nm taking into account the seven 4F3/2 → 4I11/2 transition gain lines. The effect that line
broadening has on the generation spectrum due to a temperature increase has been calculated. The effect of population distribution
over the 4I11/2 multiplet sublevels on the generation spectrum was also calculated. The generation spectrum shifting to the region of
1066 nm with a temperature increase was found to result from variations in the population of the 4I11/2 multiplet sublevels.
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The generation spectrum of a neodymium-doped yt-
trium aluminium garnet (YAG:Nd) laser at a wavelength
of 1064.2 nm is known to widen and shift to longer wave-
lengths with a temperature increase by the following
values: [1]:
d(ν)/dT = 5 × 10−2 cm–1 K–1;
d(ν)/dT = 1.8 × 10−2 cm–1 K–1.
The broadening of the generation spectrum is ex-
plained by thermal vibrations of the crystal lattice and
neodymium ions. However, a shift in the maximum of✩ Peer review under responsibility of St. Petersburg Polytechnic
University.
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the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.
(Peer review under responsibility of St. Petersburg Polytechnic University).the generation spectrum to the wavelength of 1066 nm
with an increase in the temperature of a YAG crystal
cannot be explained solely through a model of YAG:Nd
laser generation that takes into account three gain lines
of 1064.40, 1064.15 and 1061.50 nm.
In literature, the influence of the YAG:Nd crystal tem-
perature on the gain of the laser medium has been an-
alyzed based on the classical balance equations [2] de-
scribing the thermal population of the 4I11/2 multiplet
from the lower level. With these equations, however, it
is difficult to account for the impact of several gain lines
and several upper and lower sublevels on the generation
spectrum.
The laser generation spectrum is calculated using
the system of Tang–Statz–DeMars equations which
does account for several gain lines [3], the degree
of broadening and the number of generated axial fre-
quencies [4]. It is impossible to account for the ef-
fects of the Boltzmann population and the structure ofion and hosting by Elsevier B.V. This is an open access article under
0/).
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Table 1
The partial structure of the energy levels and the 4F3/2 → 4I11/2 tran-
sitions of a YAG:Nd laser at 300 K.
Transition
number
λ (nm) Lower
sublevel
energy (cm–1)
Upper
sublevel
energy (cm–1)
σ •1019
(cm2)
1 1052.10 2028 11 507 (А) 2.7
2 1061.50 2002 11 423 (B) 4.7
3 1064.15 2110 11 507 (А) 7.1
4 1064.40 2028 11 423 (B) 1.9
5 1068.20 2146 11 507 (А) 1.8
6 1073.70 2110 11 423 (B) 2.6
7 1077.9 2146 11 423 (B) 1.2
Notations: λ is the transition wavelength (the center of a gain line) of
a neodymium ion a YAG crystal; σ is the cross section of the electron
transitions between two sublevels of the 4F3/2 and 4I11/2multiplets; (А)
and (В) are the energies of two sublevels of the 4F3/2 multiplet.sublevels of the lower 4I11/2 multiplet in the system
in question, as the equations use only the population
inversion.
It follows from the above that there is currently no the-
oretical explanation of the influence of the temperature
on the generation spectrum of a YAG:Nd laser.
The purpose of the present article is to demonstrate
the effects that the deviation of the population of 4I11/2
sublevels from the thermal equilibrium has on the laser
generation spectrum. The solution of the Tang–Statz–
DeMars equations for all possible gain lines of the 4F3/2
→ 4I11/2 laser transition is given.
2. The theoretical basis
It is known that a neodymium ion in a YAG crystal lat-
tice on the 4F3/2 → 4I11/2 transition has seven gain lines;
laser generation is possible for two of them (1064.15–
1061.50 nm). The additional lines that do not participate
in the generation can affect the laser’s emission spectrum
[5].
To analyze the generation spectrum of a YAG:Nd laser
with the seven gain lines taken into account we used the
4F3/2 → 4I11/2 transitions [5] listed in Table 1.
Similar to the description in [6], let us put down the
Tang–Statz–DeMars system of equations for seven gain
lines of the laser based on the data of Table 1:
dmk
dτ
= Gmk
[
L(A)k (n0+nk )+L(B)k
(
n′0+n′k
)−1−βk];
dn0
dτ
= A − n0
(
1 +
M∑
m=1
L(A)m mm
)
−
M∑
m=1
L(A)m mmnm;
dnk
dτ
= −nκ
(
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M∑
m=1
L(A)m mm
)
− 1
2
L(A)k mkn0;dn′0
dτ
= A′ − n′0
(
1 +
M∑
m=1
L(B)m mm
)
−
M∑
m=1
L(B)m mmn
′
m;
dn′k
dτ
= −n′κ
(
1 +
M∑
m=1
L(B)m mm
)
− 1
2
L(B)k mkn
′
0;
w = n0
n′0
= exp
(
EB − EA
kBT
)
;
L(A)k = L(1)k + L(3)k + L(5)k ,
L(B)k = L(2)k + L(4)k + L(6)k + L(7)k (1)
where mk is the intensity of the kth generated axial mode,
n0 and nk are the spatially homogeneous inversion and
its lattices at the transition from the upper working sub-
level (11,507 cm−1), n′0 and n′k are the spatially homoge-
neous inversion and its lattices at the transition from the
upper working sublevel (11,423 cm−1), М is the num-
ber of axial modes, G = 2k/γ||, τ = t/γ|| (γ|| and k are
the relaxation velocities of the population inversion and
the field in the resonator) βk is the loss of the kth axial
mode, A and A′ are the pumping parameters at the up-
per sublevels, L(i)k are the Lorenzian gain lines of the ith
component normalized to the cross-section of a strong
transition defined by the expression:
L(i)k = fk(n)
σi
σ
[
1 + ((p − k)0 + i)2
]−1
,
i = ω
(i)
0 − ω0
γ⊥
,
fk(n) is the function that takes into account the influence
of the uniform gain on the spectrum generation [4], equal
to
fk(n) =
n∏
m=1
∣∣∣cos ( π2m k
)∣∣∣, (2)
(n is the number of adjacent axial modes not involved in
laser generation); ω0 is the center of a strong gain line
at the wavelength of 1064.15 nm, ω(i)0 is the ith gain line
center, σi is section of the ith gain line transition, 0 is
the intermode interval set by the length of the resonator,
γ⊥ is the polarization relaxation rate (equal to half of
the width of a homogeneous gain line); ЕА and ЕВ are
the energies of the Stark sublevels, kВ is the Boltzmann
constant.
The stationary solution of the system of equations (1)
has the form:
n′0 = 11 + w
(
A + A′ − (1 + βk )
M∑
m=1
mm
)
,
n0 = w1 + w
(
A + A′ − (1 + βk )
M∑
m=1
mm
)
,
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[
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− n0
][
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,
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where
F1 = n′0L(B)k
(
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,
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(
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.
Since the intermode interval 0 = 0.05, for calcula-
tion convenience, similarly to the supposition made in
[6], let us assume that the axial mode of the resonator
corresponding to the maximum gain at the 1064.15 nm
wavelength is number 70. Then the modes corresponding
to the maximum gains at the 1052.10, 1061.50, 1064.40,
1068.20, 1073.70, and 1077.90 nm wavelengths are
number 746, 222, 56, –156, –464 and –699.
To account for the influence of the homogeneous
broadening for a 30 mm-long resonator, all subsequent
calculations will assume n equals 2 in Eq. (2) when gen-
eration occurs at four axial modes.
To account for the inhomogeneous broadening of the
laser generation spectrum with an increase in the YAG
crystal temperature, the Lorentzian profiles (2) need to
be widened using the s(T )-function of inhomogeneous
gain line broadening as follows:
L(i)k =
s(T )σi
σ
[
s(T ) + ((p − k)0 + i)2
]−1
. (4)
The calculations showed that the following changes
occur with an increase in inhomogeneous gain line
broadening associated with a temperature increase:
the generation spectrum is broadening, which is con-
sistent with the known data [1];
the maximum of the generation spectrum is shifting
towards the short-wavelength region of the spec-
trum, which contradicts the known data predicting
there must be a shift to longer wavelengths.
The shift to shorter wavelengths that occurs in the
generation spectrum with a temperature increase is due
to the proximity of the 1061.5 nm gain line. As the Tang–
Statz–DeMars system of equations (1) implies that thelower level is not populated, the calculations were per-
formed under the condition that the lower level (the 4I11/2
multiplet) is cleared instantly.
It follows from calculations in the system of equa-
tions (3) factoring in Eq. (4) that the shift to longer
wavelengths with gain line broadening is possible only
when the transition cross-sections at the 1061.5 and
1064.4 nm wavelengths tend to zero. As seen in Table 1,
the laser transitions with the 1061.50 and 1064.40 nm
wavelengths occur between the 4I11/2 multiplet sub-
levels with the energies of 2002 and 2028 cm−1, re-
spectively. The laser transitions with the 1064.15 and
1068.20 nm wavelengths are to higher sublevels of the
4I11/2 multiplet with the energies of 2110 and 2146 cm−1,
respectively.
Accepting that the population of the 4I11/2 multiplet
sublevels follows the Boltzmann distribution, the possi-
ble difference between the populations of the 4I11/2 mul-
tiplet sublevels does not exceed 25%. Therefore, the cal-
culations do not confirm the Boltzmann distribution of
the 4I11/2 multiplet populations.
Balance equations were composed to determine the
population distribution of the 4I11/2 multiplet sublevels.
The following assumptions were made to simplify the
calculations:
– the sublevels of the 4I11/2 multiplet with the energies
of 2002 and 2028 cm−1 have been combined into one
lower sublevel as they are very close;
– since the energy difference between the 4I11/2 multi-
plet sublevels is much less than that between the 4I11/2
and the 4I9/2 multiplets, the rate of relaxation transi-
tions from the sublevels of the 4I11/2 multiplet to the
4I9/2 multiplet are equal (w20), and the thermal occu-
pancy of the 4I11/2 multiplet sublevels starting from
the lower level 4I9/2 is also equal (w02) for all sub-
levels;
– the thermal relaxation transitions between the sub-
levels of the 4I11/2 multiplet are equal (w), since the
energy difference between the sublevel populations
of the multiplet does not exceed 25%.
dn1
dt
= −(2w + w20 + w f (E12, T )
+ w f (E13, T ))n1 + w(n2 + n3) + w02;
dn2
dt
= A − (2w + w20 + w f (E23, T ))n2 + w f 1n1
+ w(n1 + n3) + w02;
dn3
dt
= −(2w + w20)n3 + (w + w f 1 + w f 2)n1
+ (w + w f 1)n2 + w02,
162 O.L. Golovkov et al. / St. Petersburg Polytechnical University Journal: Physics and Mathematics 1 (2015) 159–163
0.00
0.15
0.30
0.45
0.60
0 5 10 15
n
wf /w
0.00
0.15
0.30
0.45
0.60
0 5 10 15
n
wf /w20
1
2
3
1
2
3
(a)
(b)
Fig. 1. The dependences of the relative populations of sublevels 1–3
of the 4I11/2 multiplet on the wf/w (a) and wf/w20 (b) ratios.where n1, n2 and n3 are the populations of the sublevels
of the 4I11/2 multiplet with the energies of 2146, 2110
and 2028 cm−1, respectively; w f (Ei j, T ) are the rates
of relaxation transitions between the i and j sublevels
caused by the phonon–electron influence of the crystal
lattice on neodymium ions.
The probability of a multi-phonon transition is de-
scribed [7] by the following dependence on the crystal
temperature T and the energy gap Е:
w(E , T ) = [1 − exp(− h¯ω/kT )]−p
[C(p) exp(−αE )], (5)
where р is the number of phonons resulting from the
phonon–electron interaction; C(p) and α are constants
characterizing the basis, in this case, the YAG crystal.
It is apparent from (5) that the probability of a relax-
ation transition is exponentially dependent on the energy
gap. Therefore, the probability of a phonon–electron
transition between sublevels 1 (2146 cm−1) and 2 (2110
cm−1) is more than the probability of a transition be-
tween sublevels 1 and 3 (2028 cm−1), and also 2 and 3.
We assumed for the calculations that
w f (E12, T ) > w f (E13, T ) ≈ w f (E23, T ).
Since the lifetime of the 4I11/2 multiplet is approximately
10–8s and the time of the phonon–electron transition
≈10–9–10–10 s, the dependence we used was
w f = 10w20.
The calculation results showed that the relative popula-
tion inversion of the multiplet sublevels has the following
values:
n1 = 0.062, n2 = 0.336, n3 = 0.601.
It was found that this distribution is strongly depen-
dent on the wf/w and wf/w20 ratios.
The population of the 4I11/2 multiplet sublevels with
the energy of 2110 cm−1 depends on the rate of thermal
relaxation transitions providing the Boltzmann distribu-
tion (Fig. 1a). The calculations showed that in order to
adequately model the changes of the emission spectrum
from the broadening of gain lines, it is necessary that the
relative population of sublevel 2 was not less than 0.3
under heating. We may thus conclude that the phonon–
electron relaxation rate in an activated crystal must be
higher by at least an order of magnitude than the ther-
mal equilibrium rate in accordance with the Boltzmann
distribution.
Fig. 1b shows that the population of the upper sublevel
of the 4I11/2 multiplet with the energy of 2110 cm−1 does
not depend on the rate of relaxation transitions relaxation
to the main 4I9/2 level.The calculations proved that in order to adequately
model the changes of the emission spectrum from the
broadening of gain lines, under heating the relative pop-
ulation of sublevel 2 must be lower than that of sublevel
3. This leads us to conclude that the phonon–electron re-
laxation rate must be an order of magnitude higher than
the rate of relaxation transitions to the main 4I9/2 level.
The Boltzmann thermal population of the 4I11/2 mul-
tiplet to the main 4I9/2 level has virtually no effect on the
population distribution of the multiplet sublevels, and,
with a temperature increase, leads to a proportional pop-
ulation growth and subsequent population saturation of
the multiplet.
3. Conclusion
The theoretical analysis demonstrated that the devia-
tion of the population of 4I11/2 sublevels from the ther-
mal equilibrium affects the laser generation spectrum.
It is evident from the solution of balance equations de-
scribing the population of the 4I11/2 multiplet sublevels
that the population of the lower sublevels grows with
an increase in temperature, with the 2146 cm–1 sublevel
remaining unpopulated. This ultimately leads to the gen-
eration spectrum shifting to the long-wave frequency re-
gion with a temperature increase, due to the influence
that the gain line with a 1068.2-nm wavelength has on
the generation spectrum.
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